The metric outside an isolated object made up of ordinary matter is bound to be the classical Schwarzschild vacuum solution of General Relativity. Nevertheless, some solutions are known (e.g. Morris-Thorne wormholes) that do not match Schwarzschild asymptotically. On a phenomenological point of view, gravitational lensing in metrics falling as 1/r q has recently attracted great interest. In this work, we explore the conditions on the source matter for constructing static spherically symmetric metrics exhibiting an arbitrary power-law as Newtonian limit. For such space-times we also derive the expressions of gravitational redshift and force on probe masses, which, together with light deflection, can be used in astrophysical searches of non-Schwarzschild objects made up of exotic matter. Interestingly, we prove that even a minimally coupled scalar field with a power-law potential can support non-Schwarzschild metrics with arbitrary asymptotic behaviour.
I. INTRODUCTION
All of us have grown up with the notion that the metric outside a spherical distribution of matter is provided by the Schwarzschild solution, as proved by Birkhoff theorem [1] . Only if the object possesses an electric charge, the exterior metric is actually described by the Reissner Nordström solution.
Inside the matter distribution, the general equations for the metric and the sources were written down by Oppenheimer and Volkov [2] and have been used across almost one century to study the density, pressure profiles and the stability of high density stars for which general relativistic effects cannot be neglected. The interior solution and the exterior Schwarzschild solution can then be matched by standard Israel junction conditions.
In order to solve these equations, one typically assumes an equation of state p(ρ) relating the pressure to the energy density of the matter under consideration. A different approach was envisaged by Tolman [3] , who found seven new spherically symmetric solutions by imposing conditions on the metric and then deriving the corresponding properties of the matter source. This technique to generate customized metrics has been followed and developed by many people willing to explore the possibilities offered by General Relativity without the limitations imposed by a priori assumptions on the source. Among many others, we may mention the first generating algorithm by Wyman [4] . Various solutions were then proposed by different authors and collected in the classification by Delgaty and Lake [5] . Algorithms for finding new spherically symmetric solutions were designed in different coordinates and employed in many specific problems [6] .
Most of these studies focus on some minimal physical requirements for the spherically symmetric solutions proposed [5] . For example, they demand regularity in the origin, positive energy density, the existence of a surface boundary, defined as the value of the radial coordinate at which the pressure drops to zero. The latter condition defines isolated objects that can be matched to an exterior Schwarzschild solution. Of course, if one restricts to objects fulfilling this condition, the gravitational field at large distances is by construction identical to a standard Schwarzschild metric and there is no way to distinguish the type of matter that makes up the object. However, in the history of spherically symmetric metrics, there are interesting exceptions. Ellis illustrated the first possibility to construct a traversable wormhole within General Relativity [7] . This is the best known member of the class of Morris-Thorne wormholes [8] . Ellis wormhole does not asymptotize to Schwarzschild metric, which means that the deviations from Minkowski space do not fall as 1/r far from the object but rather decay as 1/r 2 . This unconventional asymptotic behaviour has immediate consequences on observable gravitational effects such as light deflection. In fact, it has been shown that the deflection angle falls down with the square of the impact parameter b −2 [9] [10] [11] [12] , deviating from the classical Einstein's lawα = 4GM/c 2 b. Traversable wormholes are of great theoretical interest, since they demonstrate some potentialities of General Relativity with the inclusion of exotic forms of matter violating the energy conditions. Indeed, these violations may be allowed at quantum level in several quantum gravity theories. For these reasons, a wide literature discussing their possible observational signatures has flourished. Interestingly, with recent large scale surveys, upper limits on the number density of such exotic structures in our Universe have been set [12] .
The Ellis wormhole has provided the first concrete ex-ample of a non-Schwarzschild object in General Relativity. From the point of view of gravitational lensing, this object has the surprising property of being able to defocus sources that are sufficiently aligned behind it [10] , which is something that cannot be obtained with ordinary matter. This fact motivated the study of more general metrics that asymptotically fall as 1/r q , where the defocusing property has been found to be generic for q > 1 [13] . In this paper, the authors introduce a general metric falling as 1/r q and exactly derive the light deflection angle, which we will recall in Sec. IV. Subsequent papers develop the gravitational lensing theory for such objects, including radial and tangential magnification [14] , microlensing and centroid motion [15] , strong deflection analysis [16] , and time delay [17] . Signed magnifications sums were considered in Ref. [18] .
Another context in which it is difficult to match the interior solution to an exterior Schwarzschild metric is brane-world gravity [19] . The regularity of solutions from the 4-dimensional brane to the 5-dimensional bulk implies that the presence of dark radiation leaking from bulk to brane is unavoidable [20, 21] . As a consequence, corrections to Schwarzschild are expected outside the star. In general, the metric of a Schwarzschild solution in d large spatial dimensions falls as 1/r d−2 [22] , also studied in Ref. [16] .
Coming back to our Universe with 3 large spatial dimensions, the existence of non-Schwarzschild objects must be supported by non-trivial sources. Ref. [13] already noted that a generic metric falling as 1/r q with q > 1 implies a negative gravitational lensing convergence, i.e. an effective negative surface-mass density from the lensing point of view. The primary purpose of the present paper is to investigate the profound implications of a non-Schwarzschild metric from the point of view of the energy-momentum tensor. Understanding the (un)physical requirements needed to support such metrics is important to establish possible links from these spherically symmetric spaces introduced from a completely phenomenological perspective and fundamental physics on the other side. The physical nature of the objects described by general spherically symmetric metrics depends on the properties of the energy-momentum tensor. These can be occasionally traced to perfect fluids or scalar fields, and thus the solutions may serve as models for boson or fermion stars [24] , sometimes advocated to explain dark matter concentrations. Particularly interesting are those solutions that are implemented by scalar or magnetic fields with suitable self-interaction potentials, since they demonstrate how these unconventional properties may indeed be obtained by fundamental fields [25] . The existence of all these solutions, rooted in high-energy extensions of the standard model or motivated by quantum gravity, encourage our investigation of non-Schwarzschild objects from the energy conditions to the possible astrophysical implications. In fact, in the leap from purely theoretical speculations to possible astrophysical measurements, e.g. by gravitational lensing, of alternatives to Schwarzschild, the weak field limit is of the greatest importance. If the weak field limit of our metric coincides with Schwarzschild, then probe masses will follow Keplerian rotation curves and the deflection angle will invariably follow Einstein's deflection law, save for extremely small and subdominant corrections [26, 27] . Sizeable deviations from Einstein's law are only possible for metrics that do not match Schwarzschild at radial infinity, as is the case for Ellis wormhole.
Taking the move from this fact, in this work we study the interesting problem of non-Schwarzschild objects in full generality scrutinizing the implications on the source nature on one side and discussing observational signatures that may be searched for in astrophysical surveys on the other side, e.g along the lines of Ref. [12] . In Section II we introduce the general asymptotic form for the metric of a spherically symmetric object and establish the links to the components of the energy-momentum tensor. In Section III we analyze the energy conditions for the sources of such metrics. In Section IV we derive the gravitational force, the redshift, and revisit the gravitational deflection, with a particular attention on the lensing convergence. We identify some interesting families of solutions with characteristic properties in Section V and try to find relations with known exact solutions. In particular, in Section VI we explicitly show how a minimally coupled scalar field with a simple power-law potential can support solutions with arbitrary asymptotic behaviour. Section VII contains a final discussion and the conclusions of our study.
II. ASYMPTOTICALLY FLAT METRICS
Let us start from a spherically symmetric metric in the form
Since we are interested in the weak field limit only, for all functions A(r), B(r), C(r) we just keep the slowest decaying term, that we assume to take the form of a power-law [13] 
Schwarzschild metric is recovered by q = 1, α = γ = 2GM/c 2 , β = 0. Ellis wormhole is obtained setting q = 2, α = γ = 0, β = a 2 . We do not consider any additional effects, such as charge in Reissner-Nördstrom black holes, since they would just produce higher order corrections to the asymptotic metric and then to the observables [27] .
Note that we still have the freedom to do a transformation for the radial coordinate that leaves the metric in the same formr
The coefficients of the new metric after the transformation arẽ
Then we can get rid of C(r) by choosing ξ = β/2 and go to Schwarzschild coordinates withγ = γ + (q − 1)β. In alternative, we can choose isotropic coordinates B(r) = C(r) by letting ξ = (β − γ)/2q and obtainγ =β = [γ + (q − 1)β] /q. Indeed, in the following analysis we will adopt this prescription so as to simplify the equations and set β = γ.
Plugging the metric (1) in Einstein equations and saving only the highest power for r that dominates at infinity, we obtain
with all remaining equations being identically zero. Here we have set κ = 8πG/c 4 . The non-zero components of the energy-momentum tensor are the energy density ρ = T t t , the radial pressure p r = −T r r , and the tangential pressure
Indeed, for q = 0, these equations are satisfied with ρ = p r = p t = 0, i.e we recover empty Minkowski space. Schwarzschild metric is recovered for α = γ, q = 1, which corresponds to the only other possible vacuum solution ρ = p r = p t = 0. Now let us abandon known lands and start the exploration of arbitrary power-law solutions inhabited by more or less exotic forms of matter.
A first fundamental result is that in order to support a generalized power-law weak field limit, all components of the energy-momentum tensor must be in linear relation each other. In fact, the ratios of Eqs. (7)- (9) are all independent of the radial coordinate r and can be used to derive equations of state in the form p r = w r ρ, p t = w t ρ, with w r and w t given by
An interesting corollary is that the exponent q determining the long-range decay of the solution is fully determined by the ratio of the tangential and radial pressures
The only exception is the dust distribution w r = w t = 0 (Section V A 1).
Therefore, we have a three-parameters family of weak field solutions depending on the exponent q and the coefficients α, γ. Alternatively, one can specify the energy density ρ at some value of the radial coordinate and the two equations of state parameters w r , w t . Following the latter parametrization, we can make a graphical representation of the whole parameter space by projecting the values of ρ, p r and p t at a given radial coordinate to a unit sphere. In fact, the characteristics of the solutions are completely determined by the relative ratios among these quantities. Fig. 1 shows this unit sphere with the dashed circles corresponding to different asymptotic behaviours r −q . In this representation, the only degeneracy arises in the case q = 1, which necessarily implies ρ = 0 by Eq. (7). So, the circle at q = 1 collapses to a line with ρ = 0 on the plane (p r ,p t ). Note that the Ellis wormhole (EW in the figure) lies on its circle at q = 2, as anticipated. The Schwarzschild solution has ρ = p r = p t = 0 and would lie at the center of the sphere. Finally, by Eq. (11), we note that the quadrants in which both pressures have the same sign (p r , p t > 0 and p r , p t < 0) have q < 0, i.e. they cannot give rise to asymptotically flat metrics. This poses a severe constraint to the nature of sources that may support non-Schwarzschild metrics, and introduces us to the next section, which focuses on the energy conditions. 
III. ENERGY CONDITIONS
In our asymptotic solution, the positivity of the energy density is expressed by the condition
The sign of the spatial curvature γ is usually positive in typical spherically symmetric metrics so that the function B(r) approaches 1 from above. Interestingly, a change of sign in this coefficient is not directly connected to any long-distance observables: a repulsive character of gravity may emerge only if α is negative, since the Newtonian potential is related to the g 00 component. Therefore, here we discuss both possibilities for the sign of γ.
In ordinary situations, with positive energy density and γ > 0, the exponent q is bound within the range (0, 1), which is what we would obtain with an extended distribution of ordinary matter (see Section V A 1). With q > 1, we must have either ρ < 0, γ > 0 or ρ > 0, γ < 0, i.e. something exotic must happen. An example of this situation is the Ellis wormhole, which can be written in the form (1), with q = 2, α = γ = 0, β = a 2 . Transforming to isotropic coordinates, we have q = 2, α = 0, γ = a 2 /2. From Eqs. (7), (10), we see that indeed its source has negative energy density and equations of state p r = ρ, p t = −ρ (see Fig. 1 ).
The condition ρ > 0 alone still allows for arbitrary values of the exponent q, provided the sign of γ is consequently adjusted. If we further impose the weak energy condition, i.e. that for any observer on a timelike worldline the energy density is always positive, then we must have ρ + p r ≥ 0 and ρ + p t ≥ 0 everywhere. These two conditions read
which complement Eq. (12). Since we are just considering asymptotically flat metrics, q must be positive and can be dropped from all inequalities.
Using Eq. (13) in Eq. (14) to eliminate α, the last condition becomes
which is contained in (12) since q+2 > 0. Then, from Eq. (13) we learn that the weak energy condition is satisfied if and only if α ≥ qγ and the energy density is positive. Once more, we note that the Ellis wormhole obviously violates this condition as well. However, with some surprise, we realize that these energy conditions still leave a lot of allowed space in the possible spherically symmetric asymptotic limits of General Relativity. We can have positive energy density and a "wrong" sign for γ and still keep the weak energy condition at bay with a large enough α.
Nevertheless, following global theorems of Ref. [28] , if the weak energy condition held anywhere, the ArnovittDeser-Misner (ADM) mass would be positive and the asymptotic metric would be Schwarzschild. So, even if the outer asymptotic region is supported by a source satisfying the energy conditions, in order to have q > 1 the inner regions must necessarily violate them.
Finally, the strong energy condition stipulates that for any future pointing timelike vectors X µ the trace of the tidal tensor (T µν − g µν T /2)X µ X ν should be nonnegative. The strongest constraint comes from X µ = (1, 0, 0, 0), which, for our energy-momentum tensor, gives
Using Einstein equations (7)- (9) we get
We deduce that when the metric falls down faster than Schwarzschild (q > 1), only if α + γ < 0 we can save the strong energy condition. This inequality would correspond to repulsive gravitational lensing (see Sec. IV C). By the way, we remind that any scalar field in a false vacuum actually violates the strong energy condition. So the implications of a violation at this level are not at all problematic.
IV. OBSERVABLES
Now let us assume we have an astronomical object whose metric has the asymptotic form given by Eqs. (1)-(4). We still stick to isotropic coordinates β = γ for the description of the expected phenomenology.
A. Gravitational force and rotation curves
The gravitational force exerted by our object on a probe mass can be obtained by the geodesics equation. In the limit of slowly moving body, the normalized velocity isẋ
, 0, 0, 0) and the gravitational force is just
The force decays as r −q−1 . It is attractive if α > 0 and repulsive otherwise. Central force fields with arbitrary power-laws have been studied since Newton's times. It is worth mentioning that orbits can only be closed for force fields going as r −2 and r, as proved by Bertrand [29] . In this situation, to lowest order in α, the third Kepler law for a mass orbiting at radius r with orbital frequency ω is revised as
which implies a rotation curve
From the observational point of view, probe masses orbiting around exotic objects may follow rotation curves that are sub-Keplerian, i.e. falling faster than 1/ √ r. In Fig. 2 we draw rotation curves for several values of q: from q = 0, which gives the flat rotation curve wellknown for singular isothermal spheres, to q = 3. Rotation curves around compact objects have been determined around supermassive black holes in the centers of galaxies through spectroscopic methods [30, 31] . Of course, a sub-Keplerian rotation curve can also be explained by external perturbations, but it should be possible to distinguish the two cases. Indeed, this kinematic channel may be promising for future tests on the existence of non-Schwarzschild objects. 
B. Gravitational redshift and emission by accretion disks
A photon emitted by a particle at rest (ṙ = 0) at radius r e experiences a redshift given by
The photon is redshifted for attractive gravity (α > 0) and blueshifted otherwise. Gravitational redshift plays a major role in determining the emission by accretion disks around black holes (see e.g. [32] [33] [34] ). The gfunction, as it is sometimes called, would be steeper than Schwarzschild for q > 1. It would be interesting to see how this change would affect the continuum spectra of accretion disks or the iron K-lines, which are an excellent probe of gravity in strong fields. However, if the accretion disk extends down to the innermost stable circular orbit (ISCO), it is mandatory to go beyond the weak field approximation and consider a full relativistic treatment for an accurate modelling of the emission which goes beyond the scope of this work.
C. Gravitational lensing
Gravitational lensing by non-Schwarzschild objects has been thoroughly investigated in Refs [12] [13] [14] [15] [16] [17] [18] . In this subsection we propose an alternative calculation of the deflection angle and time delay and compare with the results of the mentioned papers.
The deflection angle is the angle between the incoming and outgoing directions of a photon coming from infinity and returning to infinity after the close encounter with the lensing object. For a metric in the form (1), it is given by the following integral (see e.g. [35] [36] [37] [38] )
where b is the minimum value of the radial coordinate reached by the photon in its journey. Inserting our weak field expressions (2)-(4), going to isotropic coordinates (β = γ) again and saving the lowest order terms, we get
The first integral evaluates to π, canceling the −π term. It just states that without deflector (α = γ = 0) there is no deflection.
The remaining integral gives the deflection angle in the weak field limit for a general spherically symmetric metric. The result readŝ
where Γ[z] is the Euler gamma function. This expression is perfectly compatible with that derived by Kitamura et al. [13] , paying attention to the fact that they use Schwarzschild coordinates and make a conformal transformation, whereas we remain in isotropic coordinates. Moreover, we leave the integrand in the form of powers of polynomials without passing through trigonometric functions.
This expression for the deflection angle is valid for any spherically symmetric metric with an asymptotic powerlaw behaviour. Einstein's law for Schwarzschild metric is easily recovered setting q = 1, α = γ = 2GM/c 2 , as anticipated. The deflection by an Ellis wormhole in the weak field limit [9] (α =
Anyhow, the exponent q of the lowest order term in the expansion of the metric coefficients matches that of the deflection angle.
The Shapiro time delay experienced by the photon traveling in such metric is easily calculated in isotropic coordinates. For a photon traveling along z, the time elapsed for an infinitesimal path is
The delay acquired with respect to a Minkowski metric is
Comparing with Eq. (24), we recover the identitŷ α = −c∇(∆t), which makes gravitational lensing compatible with Fermat's principle. The expression for the time delay given here is not valid for q = 1, in which case the integral gives the familiar −(α + γ) ln b of standard gravitational lensing [39] . We finally note that the time delay of metrics with 1/r q has been previously calculated by Nakajima et al. [17] , although they left their result in integral form, save for integer q. Here we give a simpler expression and make the connection to the deflection angle clear.
Along the development of the theory of gravitational lensing of 1/r q objects, Kitamura et al. [13] also derived the so-called convergence, defined as
whereˆ α ≡α x/b is the vectorial form of the deflection taking into account its direction on the plane orthogonal to the line of sight (b = | x| being the impact parameter). The operator ∇ is defined as ∇ ≡ (∂ x1 , ∂ x2 ) and we are using the symbol σ for the convergence rather than the more conventional κ appearing in the literature since we have already used this letter for the gravitational coupling constant. Using Eq. (24) we obtain
which matches the result of Ref. [13] . In standard gravitational lensing, convergence is proportional to the mass density projected along the line of sight ρdz. Then the authors of Ref. [13] note that q > 1 and attractive deflection (α + γ > 0) imply a negative convergence and then an effective negative mass density. This was interpreted as a further warning that exotic matter is needed.
In order to confirm this guess, we now establish a firmer bond between convergence and the energy-momentum tensor components, generalizing the result of standard gravitational lensing theory. A general-covariant formalism for light deflection in weak field has been developed by Kopeikin and Schäfer [23] . Neglecting any velocities of lenses, source and observer, their deflection angle reduces toˆ
where k α = (1, 0, 0, 1) is the null velocity vector of the unperturbed light ray that we are assuming to move along z in cartesian coordinates; η µν is the background Minkowski metric.
The convergence is thus
Plugging the explicit expression of the velocity vector of the light ray, we get
where we have expressed T z z back in our spherical coordinates and used our ansatz for the energy-momentum tensor (see Sec. 2).
Using Eqs. (7)- (9) we can eliminate the energymomentum components in favour of the metric functions and we can easily check that the result of the integration is once more given by Eq. (28) .
From Eq. (31) we learn that gravitational lensing is not only sensitive to the mass, but also to the pressure of the sources. In particular, light rays feel the energy density and the longitudinal pressure encountered along their path. So, the conclusion that a negative convergence implies some violation of energy conditions is correct, since in order to have the integral in Eq. (31) negative, there must be at least some region with ρ + p z < 0 and this is a clear violation of the weak energy condition. Comparing Eq. (28) with Eq. (17), we also note that a negative convergence is equivalent to a violation of the strong energy condition. So, in this class of metrics, a violation of strong energy condition implies a violation of the weak energy condition.
V. REMARKABLE FAMILIES
In this section, we discuss some particular families of solutions that are characterized by some interesting properties, connected to the energy conditions or to the observable phenomenology. Each of these families can be identified with a slice in the unit sphere graphic representation introduced in Section II. Fig. 3 collects all of them and can be a useful guide through the zoology of non-Schwarzschild asymptotic solutions.
FIG. 3:
Families of metrics with generic asymptotic behaviour projected on the unit sphere in the space (pr,pt,ρ). EW is the Ellis wormhole, PF stands for perfect fluid, ρ = 0 is the family with vanishing energy density, AS is the pure anisotropic stress family corresponding to the degenerate q = 1 slice, α = 0 is the family with vanishing Newtonian potential, NL is the family with vanishing gravitational lensing, SF is the slice obtained with minimally coupled scalar fields.
A. Perfect fluid families
In order to recover some familiar matter sources, let us now look for perfect fluid solutions, i.e. with vanishing anisotropic stress (p r = p t ). Using Eqs. (8), (9) , this constraint reads
The case q = 0 reduces to Minkowski, as discussed above. Let us examine the two remaining cases.
Extended dust distributions
The first family of perfect fluid solutions is obtained with α = γ in Eq. (32) . Einstein equations reduce to
For 0 < q < 1 and γ > 0, the energy density is positive and we recover the weak field limit of a generic distribution of dust with density profile falling as r −q−2 . Rigorously speaking, a static distribution of particles would collapse to the center if the gravitational attraction is not balanced by any extra-forces (e.g. a repulsive charge). The solution found here corresponds to a stationary distribution of non-relativistic particles with random orbits, analogous to the case of the stars in the halos of galaxies, which typically relax to isothermal profiles (q ∼ 0).
For q > 1, we may have an exotic dust with negative energy density, yet we may also have ordinary matter and γ < 0, as discussed above. However, in this family α = γ and we would end up with repulsive gravity (α < 0). One possible interpretation is that ordinary non-relativistic particles are shielding a central negative mass. However, a full completion of the solution down to small radii (large fields) would be needed for a full understanding of these limits.
Homogeneous spaces
Rigorously speaking, the case q = −2 is not asymptotically flat (A, B, C ∼ r 2 ) and falls out of our starting hypothesis. Nevertheless, it is interesting to note that from Eqs. (7)- (9) this gives uniform energy density all over the space:
All possible real values of the equation of state parameter w are allowed. We can immediately guess that a spherically symmetric solution with uniform energy density should be related to Friedmann-Robertson-Walker (FRW) metric. In order to make this relation manifest, we can make the perturbative transformation
and save the linear terms in α and γ. We then get
which, to linear order in α and γ, is equivalent to
with a(t ′ ) = 1 + α 2 t ′2 , K = −2γ. Indeed, we find that our weak field limit with q = −2 is equivalent to the FRW metric of a spatially curved universe at the time of a bounce (sinceȧ(0) = 0). If γ < 0, our universe has positive energy density and positive curvature, the opposite happens with γ > 0.
In Fig. 3 we can see the perfect fluid slice, labeled pf, that falls in the two quadrants with q < 0.
B. Pure anisotropic stress family
Digging into the mathematics of Einstein equations, we also discover that two non-trivial families of solutions exist with vanishing energy density throughout the space. We will present them here.
In the case q = 1, Einstein equations reduce to
which implies an equation of state p t = −p r /2. With this equation of state the energy-momentum tensor is traceless and we have a source with vanishing energy density and pure anisotropic stress, quantified by α − γ. The metric at large radii decays as 1/r, as in Schwarzschild. Indeed, Schwarzschild solution is included in this family for the particular case α = γ, corresponding to the pure vacuum solution ρ = p r = p t = 0. However, as we have seen, the variety of solutions allowed for exotic sources is much richer than Schwarzschild.
In the representation of Fig. 3 , this family is just the degenerate slice at q = 1, which collapses to the line labeled as on the ρ = 0 plane as anticipated.
C. Zero spatial curvature family
The second possibility for having vanishing energy density is to impose γ = 0 in Eq. (7), so that slices at constant time are flat. Here q is left unconstrained, and the relation between the two pressures is given by Eq. (11). We note that the limit q = 1 of this family picks one member of the former family of solutions. So the two subfamilies correspond to different slices crossing at one line (q = 1, γ = 0 with α arbitrary). In Fig. 3 , this family is the circle at ρ = 0.
D. Zero potential family
The Ellis wormhole is characterized by g 00 = 1, which implies the absence of gravitational force in the Newtonian limit. The family defined by the equation α = 0 is characterized by equations of state that only depend on the exponent q, as γ drops from Eqs. (10) . We have
γ is left unconstrained and quantifies the strength of the gravitational field. Since α = 0, there is no gravitational force nor redshift at the leading order. The only physical effect that can be measured for this kind of objects is the gravitational deflection.
This family is shown as the circle labeled by α = 0 in Fig. 3 , which also contains the Ellis Wormhole as a particular case.
E. Zero lensing family
Of course, we can have the opposite situation in which the contributions of α and γ to the gravitational deflection cancel out. Imposing α = −γ, the equations of state become
which are just twice the value they assume in the previous family. With α > 0 for an attractive potential, γ is negative and the energy density can be kept positive with q > 1. This family is the circle labeled as nl in Fig. 3 .
VI. MINIMALLY COUPLED SCALAR FIELDS
In the families visited up to now, we have imposed one property on the metric or the source equations of state and derived the consequences on the remaining variables using Einstein equations. In this subsection, we want to make a more physically motivated case by investigating the opportunities offered by a minimally coupled scalar field with a self-interaction potential. We therefore consider the following action
with ǫ = ±1 allowing for a change in the sign of the scalar field lagrangian density. For a static spherically symmetric configuration, ϕ is a function of the radial coordinate r and the energymomentum tensor yields
where we have denoted ϕ ′ ≡ ∂ϕ/∂r. The scalar field equation is
Now let us consider a simple power-law potential
and make the ansatz
The dominant terms at large radii in the scalar field equation (48) are
In order to have non-trivial solutions, we impose that the two terms are of the same order at large radii, thus obtaining a relation between the exponent m and the exponent n in the potential
With this value for m, Eq. (51) is solved if
Note that m > 0 only for n > 2, which means that the scalar field vanishes at infinity only for fields with sufficiently stiff potentials. Now we plug our ansatz in the energy-momentum tensor
Inserting this energy-momentum tensor in the Einstein equations (7)- (9) , and matching the exponents of r at both sides, we get
The effective equation of states can be obtained from Eqs. (54)-(56):
Letting the exponent n span all possible values, these equations of state describe the circle labelled by sf in Fig.  3 . However, the constraint n > 2 removes the solutions in both quadrants with p r p t > 0. The Ellis Wormhole is included in this family with ǫ < 0 and n = 4 (a quartic self-interaction potential). More in general, we find the remarkable result that any asymptotic behaviour r −q for the weak field metric can be obtained just by a minimally coupled scalar field with a self-interaction potential of the form V (ϕ) = V 0 ϕ n with n = 4/q + 2. This explicit example obtained using a scalar field demonstrates that a deep investigation of all possible weak field metrics and their observable signatures, as done in Section IV is extremely precious for studies of astrophysical signatures of compact objects made up of fundamental fields.
Finally, it is interesting to note that the asymptotic forms of scalar field solutions may be much more general than those obtained with the simple power-law potential. For example, if we consider a massive complex scalar field with the potential (see [24, 40] )
and an ansatz for the scalar field
the only change with respect to the previous potential comes in the energy-momentum tensor, where a mass term arises in the energy density only
This term dominates the others (54)-(56) at large radii, establishing an effective dust-like profile (p r , p t ≪ ρ), with
It is not our intention here to explore all the host of alternatives to Schwarzschild that can be obtained by scalar or other fields. The purpose of this section was just to prove that there are substantial motivations for discussing and classifying non-Schwarzschild metrics in order to provide new links from fundamental physics to the astrophysical signatures of compact objects.
VII. CONCLUSIONS
Looking at our Universe, the detection of any objects with a non-Schwarzschild asymptotic limit would open a sensational window towards new physics. Up to present time these objects only come out from speculations on the variety of possibilities offered by General Relativity, including travel through space and time like in the case of wormholes. Nevertheless, our ignorance on the 95% of the energy density of our Universe under the form of Dark Matter and Dark Energy still leaves a huge space for the fantasy of theoretical physicists about the true nature of these entities. We should probably keep an open mind and admit that still much should be learned about the forms of matter allowed in our Universe.
In this spirit, we believe that our work of classification of the possible alternatives to Schwarzschild in the weak field limit may serve as a guide to astrophysical searches of compact objects made up of any kind of exotic matter. We have parameterized the solutions according to the exponent q of the leading order term in the metric functions, and the values of the corresponding coefficients α and γ. We have investigated what these asymptotic limits imply in terms of the energy-momentum tensor, discussing the fulfillment of the energy conditions and the equations of state for radial and tangential pressure. We have also identified several interesting families of solutions with peculiar properties from the theoretical and observational point of view. It may be somewhat surprising to discover that even a minimally coupled scalar field with a power-law potential is able to support any asymptotic exponent from 0 to infinity. Given the insistence with which physicists propose scalar fields with any kind of potentials, it might be interesting to check the consequent astrophysical signatures one would find for compact objects made with such fields. In this framework, we have expressed a few observables in terms of the metric coefficients, including the gravitational force, the redshift, the lensing deflection angle and time delay. We have briefly argued about the implications in terms of rotation curves of probe masses and emission of accretion disks and established a link between lensing convergence and the nature of the source of the gravitational field.
With the expressions of these observables at hand, we have the basic building blocks to confront our generalized power-law spherically symmetric solutions with the real Universe and impose constraints on the existence of exotic matter. Note that power-law deflection laws with q ≤ 1 have been long used in strong lensing in order to fit the observed images and time delays of quasars and galaxies lensed by other galaxies or clusters of galaxies [41] . Indeed, as we have shown before, a density profile of ordinary matter falling as r −q−2 gives a potential falling as r −q and then a deflection angle falling as b −q . For example, the singular isothermal sphere ρ ∼ r −2 givesα = const.
We have proved that a deflection with q > 1 would be the signature of a violation of the weak energy condition: either through a negative energy density or with spatial curvature γ < 0. Gravitational lensing observables are only sensitive to the combination α + γ. Only by additional measurements, such as rotation curves or gravitational redshift, it would be possible to disentangle the two coefficients and identify the nature of the source matter in full detail.
We conclude this work by warning that our weak field limits are not complete solutions of Einstein equations down to the center of the stars/objects. Our purpose, in fact, was not to demonstrate the existence of new phenomena predicted by General Relativity in strong fields, but the investigation of all possible phenomenologies allowed in the weak field limit. Prolonging these asymptotic power-law solutions to r → 0 is beyond the scope of this work. Yet, we can imagine that it should not be difficult (at least numerically) to satisfy this curiosity. On the other hand, it is always fascinating to ascertain that our gravitation theory is able to subject the hypotheses of matter with unconventional properties or new physics to precise astronomically observable tests.
